Critical fluctuations and entanglement in the nondegenerate parametric
  oscillator by Dechoum, K. et al.
ar
X
iv
:q
ua
nt
-p
h/
03
10
12
9v
1 
 2
1 
O
ct
 2
00
3
Critial utuations and entanglement in the
nondegenerate parametri osillator
K. Dehoum
1,2
, P. D. Drummond
1
, S. Chaturvedi
3
, and M. D. Reid
1
1
Australian Centre for Quantum-Atom Optis, The University of Queensland, St Luia 4067, Queensland, Australia
2
Instituto de Físia da Universidade Federal Fluminense, Boa Viagem Cep.:24210-340, Niterói-RJ, Brazil
3
Shool of Physis, University of Hyderabad, Hyderabad 500046, India
We present a fully quantum mehanial treatment of the nondegenerate optial parametri os-
illator both below and near threshold. This is a non-equilibrium quantum system with a ritial
point phase-transition, that is also known to exhibit strong yet easily observed squeezing and quan-
tum entanglement. Our treatment makes use of the positive P-representation and goes beyond the
usual linearized theory. We ompare our analytial results with numerial simulations and nd
exellent agreement. We also arry out a detailed omparison of our results with those obtained
from stohasti eletrodynamis, a theory obtained by trunating the equation of motion for the
Wigner funtion, with a view to loating regions of agreement and disagreement between the two.
We alulate ommonly used measures of quantum behavior inluding entanglement, squeezing and
EPR orrelations as well as higher order tripartite orrelations, and show how these are modied as
the ritial point is approahed. In general, the ritial utuations represent an ultimate limit to
the possible entanglement that an be ahieved in a nondegenerate parametri osillator.
I. INTRODUCTION
Nonlinear optial devies suh as optial parametri osillators (OPO) and optial parametri ampliers (OPA)
[1℄ have been studied in the last forty years for providing fundamental tests of quantum mehanis, as well as their
tehnologial appliations in areas suh as frequeny onversion, low noise optial measurement, and ryptography.
The light beams emitted by these devies are haraterized by a large amount of squeezing [2℄, signiant quantum
intensity orrelations [3℄, and very short orrelation times between the onjugate beams [4℄. The entangled nature of
the photons in the down onverted light has been instrumental in providing experimental demonstrations[5, 6, 7, 8℄ of
the original Einstein-Podolsky-Rosen paradox and other nonlassial features of quantum mehanis. In this paper,
we extend the usual linear theory of the nondegenerate OPO to inlude nonlinear eets harateristi of the onset of
ritial utuations near threshold, whih is the physial feature that ultimately limits the maximum squeezing and
entanglement available.
As a fundamental appliation of these results, we point out that in 1935, Einstein, Podolsky and Rosen [9℄ (EPR)
presented their famous argument whih demonstrates that loal realism is inonsistent with the ompleteness of
quantum mehanis. Their argument onerned two spatially separated partiles with perfetly orrelated positions
and momenta, as predited by quantum mehanis. Related orrelations for quadrature phase operators have been
studied[10, 11, 12℄ and experimentally onrmed for the output elds of the nondegenerate parametri osillator, both
below[5, 6℄ and above[13℄ threshold. The regime of study of these orrelations however has been so far onned to
regimes of operation where the quantum utuations will be small so that a linearized analysis is valid.
Closely linked with the phenomenon of EPR orrelations is that of entanglement, a key feature enabling many
potential appliations in the eld of quantum information. Criteria for proving entanglement using ontinuous variable
(quadrature phase amplitude) measurements have been developed by Simon and Duan et al[14℄. Reent experiments[7,
15, 16℄ have measured suh ontinuous variable entanglement but again the studies are limited to the regime of stable,
linearizable quantum utuations. In this regime Gaussian statistis apply, and the riterion developed an be
shown[14℄ to be both a neessary and suient ondition for entanglement in this ase.
It is known from earlier theoretial analysis [17, 18℄ of the optial properties of nonlinear rystals that, in the
linearized or Gaussian regime, a loal realisti theory based on the Wigner phase spae representation gives the same
results for the orrelations between signal and idler light beams produed in nonlinear rystals[17, 18℄. While this
is also true of many orrelations in seond harmoni generation [19℄, there are instanes where signiant dierenes
exist between the preditions of the two theories [20℄. Here we alulate the EPR and entanglement measures for non-
Gaussian elds, in preisely the type of environment where non-Gaussian behavior is expeted to our experimentally
- that is, by onsidering nonlinear orretions to the usual linearized approximations used to treat the OPO below
threshold.
In two reent papers [21℄ we have arried out a fully quantum mehanial analysis of nonlinear eets and ritial
utuations in a degenerate OPO using the positive P-representation, and have investigated the squeezing spetra
and triple orrelations in this system both analytially as well as numerially. In partiular, we have shown that, in
this ase, while the full quantum theory and the semi-lassial theory disagree strongly far below threshold, there
2is a surprising agreement between the two lose to the threshold where quantum utuations are quite intense,
harateristi of a mixed state of light in this limit.
The aim of the present work is to present a similar analysis for the ase of a nondegenerate optial parametri
osillator. Both the quantum mehanial and semi-lassial analyses are arried out in parallel and are ompared
with exat numerial simulations. Speial attention is paid to the behavior of this system lose to the ritial point
to asertain the limits of entanglement, EPR orrelations and squeezing in this regime. We nd that entanglement
is optimised just below the ritial point for output mode entanglement and squeezing, while the optimum internal
squeezing and entanglement is ahieved just above threshold.
II. HAMILTONIAN AND STOCHASTIC EQUATIONS
We onsider here the standard model for three modes oupled by a nonlinear rystal inside a Fabry-Perot inter-
ferometer with allowane made for oherent pumping and damping due to avity losses. This model implies ertain
restritions on mode-spaing for its validity, sine we assume only these three modes are exited.
A. Hamiltonian
The Heisenberg-piture Hamiltonian that desribes this open system is given by[12, 22, 23℄
Hˆ =
2∑
i=0
~ωiaˆ
†
i aˆi + i~χ
(
aˆ†1aˆ
†
2aˆ0 − aˆ1aˆ2aˆ†0
)
+i~
(
Ee−iω0taˆ†0 − E∗eiω0taˆ0
)
+
2∑
i=0
(
aˆiΓˆ
†
i + aˆ
†
i Γˆi
)
(2.1)
Here E represents the external input eld at a frequeny ω0, with aˆ0, aˆ1 and aˆ2 represent the pump, the signal
and the idler intra-avity modes at frequenies ω0, ω1 and ω2 respetively, where ω0 = ω1 + ω2. The terms Γˆi
represent reservoir operators and χ denotes the nonlinear oupling onstant due to the seond order polarizability of
the nonlinear rystal.
This is a driven system far from thermal equilibrium, so it is not appropriate to assume a anonial ensemble.
Instead, the density matrix must be alulated as the solution of a master equation in the Shroedinger piture. For
simpliity, we transform to a rotating frame in whih the free-eld time-evolution is removed. The master equation
for the redued density operator, obtained after the elimination of the reservoirs using standard tehniques[24℄, is
given by
∂ρˆ
∂t
= χ
[
aˆ†1aˆ
†
2aˆ0 − aˆ1aˆ2aˆ†0, ρˆ
]
+ E
[
aˆ†0 − aˆ0, ρˆ
]
+
2∑
i=0
γi
(
2aˆiρˆaˆ
†
i − aˆ†i aˆiρˆ− ρˆaˆ†i aˆi
)
(2.2)
where γi are the damping rates for the mode amplitudes. For simpliity, we assume that γ1 = γ2 = γ throughout this
paper.
To handle master equations suh as this it proves onvenient to transform them into -number Fokker-Plank
equations or equivalently into stohasti equations using operator representation theory. Here, as in our earlier works,
we use the positive P-representation for this purpose, and we also ompare these results with the ommonly used
semilassial trunation of the Wigner representation.
1. Classial ritial point
The lassial approximation, where all utuations are negleted, is obtained by simply assuming that all operator
mean values fatorize. This gives us the lassial nonlinear-optial equations for αi = 〈aˆi〉 in the form:
∂α0
∂t
= E − γ0α0 − χα1α2
3∂αi
∂t
= −γαi + χα∗3−iα0 (2.3)
For small driving elds, the stable lassial below-threshold solutions are α0 = E/γ0 and α1 = α2 = 0 . There
is a lassial threshold or ritial point at E = Ec = γγ0/χ. Above this threshold, the driving eld is lamped at
α0 = Ec/γ0, while the signal and idler intensities inrease linearly with the input eld E . This paper deals with the
near threshold and sub-threshold regime.
B. The positive P-representation
Using the positive P-representation[25℄, we an inlude orrelations and utuations by expanding the density
matrix desribing the system in an o-diagonal oherent state basis as
ρˆ =
∫
D
|α〉〈(α+)∗ |
〈(α+)∗ |α〉 P+(α,α
+)d6αd6α+ (2.4)
where α ≡ (α0, α1, α2) and α+ ≡
(
α+0 , α
+
1 , α
+
2
)
are two independent triplets of omplex variables. The funtion
P (α,α+) an be understood as a positive phase spae distribution and, by virtue of (2.4), satises the following
Fokker-Plank equation[12℄ (assuming that boundary terms vanish on partial integration):
∂P+
∂t
=
{
∂
∂α0
[γ0α0 + χα1α2 − E ]
+
∂
∂α+0
[
γ0α
+
0 + χα
+
1 α
+
2 − E
]
+
∂
∂α1
[
γ1α1 − χα0α+2
]
+
∂
∂α+1
[
γ1α
+
1 − χα+0 α2
]
+
∂
∂α2
[
γ2α2 − χα0α+1
]
+
∂
∂α+2
[
γ2α
+
2 − χα+0 α1
]
+
∂2
∂α1∂α2
(χα0) +
∂2
∂α+1 ∂α
+
2
(χα+0 )
}
P+(α, α
+, t) .
(2.5)
We note here that boundary terms are found to be exponentially suppressed for large damping[26℄ - ie, γi ≫ χ,
whih orresponds to typial experimental onditions for realisti OPO's in urrent use.
This an equivalently be written as the following set of It stohasti equations [27℄
dα0 = (E − γ0α0 − χα1α2) dt
dα+0 =
(E∗ − γ0α+0 − χα+1 α+2 ) dt
dα1 =
(−γ1α1 + χα+2 α0) dt+ (χα0)1/2 dW1
dα+1 =
(−γ1α+1 + χα2α+0 ) dt+ (χα+0 )1/2 dW+1
dα2 =
(−γ2α2 + χα+1 α0) dt+ (χα0)1/2 dW2
dα+2 =
(−γ2α+2 + χα1α+0 ) dt+ (χα+0 )1/2 dW+2
(2.6)
where
〈dW1〉 = 〈dW2〉 = 0
〈dW1dW2〉 = 〈dW+1 dW+2 〉 = dt (2.7)
with all other noise orrelations vanishing. These equations imply that 〈αiα†i 〉 = 〈n̂i〉 = 0 when there is no driving
eld, as physially expeted for a vauum state in a normally-ordered representation.
Numerial simulations of these stohasti trajetories onrms the assumption of asymptotially vanishing boundary
terms for the parameters we use, as the trajetories are strongly bounded to a ompat domain. At smaller damping
4rates, it would beome important to inlude stohasti gauge terms[29℄ in the equations to eliminate boundary terms,
but this was not found to be neessary in these alulations. In other words, while boundary terms are potentially
present, the resulting errors are expeted to be of order e−γ/χ or smaller, whih is ompletely negligible in typial
quantum optial systems where γ ≫ χ.
C. The semi-lassial theory
We an also transribe the master equation as a -number phase spae evolution equation using the Wigner repre-
sentation
PW (α,α
∗) =
1
π2
∫ ∞
−∞
d6z χW (z, z
∗)e−iz
∗·α∗e−iz·α (2.8)
where χW (z, z
∗), the harateristi funtion for the Wigner representation , is given by
χW (z, z
∗) = Tr
(
ρeiz
∗
a
†+iz·a
)
(2.9)
This transription is partiularly useful for semi-lassial treatments.
The equation for the Wigner funtion for the nondegenerate parametri amplier that orresponds to the master
equation (2.2) turns out to be
∂PW
∂t
=
{
∂
∂α0
(γ0α0 + χα1α2 − E)
+
∂
∂α∗0
(γ0α
∗
0 + χα
∗
1α
∗
2 − E)
+
∂
∂α1
(γ1α1 − χα∗2α0) +
∂
∂α∗1
(γ1α
∗
1 − χα2α∗0)
+
∂
∂α2
(γ2α2 − χα∗1α0) +
∂
∂α∗2
(γ2α
∗
2 − χα1α∗0)
+γ0
∂2
∂α0∂α∗0
+ γ1
∂2
∂α1∂α∗1
+ γ2
∂2
∂α2∂α∗2
+
χ
4
(
∂3
∂α1∂α2∂α∗0
+
∂3
∂α∗1∂α
∗
2∂α0
)}
PW (2.10)
If we drop the third order derivative terms, in an approximation valid in the limit of large photon number, we an
equate the resulting trunated Fokker-Plank equation desribing the evolution of the Wigner funtion with a set of
It stohasti equations whih read as follows
dα0 = (E − γ0α0 − χα1α2) dt+√γ0dW0
dα∗0 = (E∗ − γ0α∗0 − χα∗1α∗2) dt+
√
γ0dW
∗
0
dα1 = (−γ1α1 + χα∗2α0) dt+
√
γ1dW1
dα∗1 = (−γ1α∗1 + χα2α∗0) dt+
√
γ1dW
∗
1
dα2 = (−γ2α2 + χα∗1α0) dt+
√
γ2dW2
dα∗2 = (−γ2α∗2 + χα1α∗0) dt+
√
γ2dW
∗
2 . (2.11)
The non-vanishing noise orrelations are given by
〈dWi〉 = 0
〈dWidW ∗i 〉 = dt ; i = 0, 1, 2. (2.12)
If we ompare the two sets of It stohasti equations, namely (2.6) and (2.11), we notie that the main dierene
between the two is in the struture of the noise terms. While the noise terms in the positive-P equations (2.6) depend
on the pumping amplitude and the nonlinear oupling onstant, those in the Wigner representation do not. In fat they
5orrespond preisely to the noise terms that one adds, in the linear ase, in ompliane with the utuation-dissipation
theorem.
In some sense, one an interpret the noise terms in the Wigner ase as aounting for vauum utuations. However,
the trunated Wigner theory must be treated autiously, sine it neglets important third-order orrelations whih are
not always negligible. These equations imply that 〈αiα†i 〉 = 〈n̂i〉 = 1/2 when there is no driving and no oupling, as
expeted for a vauum state in a symmetrially-ordered representation. However, a vauum state is not obtained semi-
lassially if there is any oupling χ, even with a vauum input, whih is an unphysial feature. The full Wigner theory
has no suh limitations: but it is no longer positive-denite, and therefore has no equivalent stohasti formulation.
D. Comparison of methods
In omparing these methods, we notie that the lassial equations of ourse give no information at all about the
quantum utuations, although they give an exellent guide to the loation of the ritial point when the threshold
photon number is large.
To inlude quantum eets, one might imagine that a diret numerial alulation in a photon number basis would
be useful, provided the maximum photon number was small. We note that in a three-mode system, the Hilbert spae
dimension sales as n3max, while the density matrix has n
6
maxomponents provided the boson number is bounded
by nmax.In pratie, one nds that typial experiments have nmax ≃ 103 − 109. This implies that neither the full
density matrix nor even the redued wave-funtion in a stohasti wave-funtion alulation[28℄ an in general be
alulated diretly with urrent omputers, for pratial reasons of memory and omputational time. Diret number
state methods are also not onvenient for analytial approximations.
Other tehniques involve Feynman (or related) diagrams, using a hierarhy of orrelation funtions[30℄. These
methods give useful results below threshold, and have similarities to perturbation theory using stohasti methods,
whih we disuss later. The drawbaks are that these diagrammati methods appear less systemati than phase-spae
methods, sine ertain lasses of diagrams are disarded, and the results usually diverge at the ritial point.
Semi-lassial methods overome some of these limitations. The Wigner trunation approximation does inlude
quantum utuation eets, but is only valid if all photon numbers are large, whih is a highly questionable assumption
in the signal/idler modes below threshold. In addition, the negleted third-order derivative terms are at best only
suppressed by a polynomial fator, and there are no other methods to hek the auray of the approximation.
By omparison, the approximation of negleting boundary terms in the positive-P equations appears well-justied
in these alulations as long as γ ≫ χ. If neessary - that is, if unstable trajetories our - the tehnique an be
heked with the more preise stohasti gauge approah. No evidene was found that boundary terms were signiant
here, even for the relatively low damping rates used in the numeris. As one might expet, the trunated Wigner
method gives rise to unphysial preditions at low driving eld, whih does not our with the positive-P equations -
given the parameters used here. Aordingly, we mainly fous on the positive-P phase-spae method in this paper.
III. OBSERVABLE MOMENTS AND EPR SPECTRA
In order to understand what types of alulation to arry out for this system, it is important to identify observable
measurements that an be arried out, and relate these to operators and their orrelations.
The positive-P stohasti method diretly reprodues the normally ordered orrelations and moments, while the
Wigner representation reprodues the symmetrially ordered moments. Of ourse, ommutation relations an always
be used to transform one type of ordering into the other. Further, we also have to distinguish between the internal
and external operator moments, sine measurements are normally performed on output elds that are external to the
avity. The neessary formalism for treating external eld spetra was introdued and developed by Yurke[31℄, and
by Collett and Gardiner[32℄.
As we shall see, there is a diret relationship between the output eld spetra of a nondegenerate OPO, and
observable riteria for EPR orrelations and entanglement.
A. Internal moments
The squeezing in terms of the intra-avity quadrature ovarianes orresponds to an instantaneous measurement of
the eld moments
Sθij = 〈: X̂θi (t) X̂θj (t) :〉 , (3.1)
6where we dene
X̂θj = e
−iθâj(t) + e
iθâ†j(t) (3.2)
to denote internal quadrature operators. Similarly, omplex quadratures[33℄ are dened as:
X̂θ = e−iθâ1(t) + e
iθâ†2(t)
=
1
2
(
X̂θ1 + X̂
θ
2 + i
(
X̂
θ+pi/2
1 − X̂θ+pi/22
))
, (3.3)
with a normally-ordered intra-avity variane of:
Sθ = 〈: X̂θ (t) X̂†θ (t) :〉
=
1
4
〈:
(
X̂θ1 + X̂
θ
2
)2
:〉
+
1
4
〈:
(
X̂
θ+pi/2
1 − X̂θ+pi/22
)2
:〉 , (3.4)
If suh measurements were possible, they would inlude ontributions from all frequenies. However, it is more
typial that one has aess to spetrally resolved quadrature measurements of the output elds, and these are generally
more useful as measures of entanglement and squeezing.
B. External spetra
The external eld measurements are obtained from the input-output relations :
Φ̂outj (t) =
√
2γoutj âj(t)− Φ̂inj (t) , (3.5)
where Φ̂inj (t) and Φ̂
out
j (t) are the input and output photon elds respetively, evaluated at the output-oupling mirror,
and âj(t) is the intra-avity photon eld. The most eient transport of squeezing is obtained if we assume that all
the signal losses our through the output oupler, so that γ1 = γ
out
1 . We will assume this to be the ase for simpliity,
though the neessary orretions[12℄ for imperfet interferometers simply involve the ratio γoutj /γj.
The measured output spetral ovariane V θij of a general quadrature
X̂θ outj = e
−iθΦ̂outj (t) + e
iθΦ̂†outj (t) (3.6)
an be written as
V θij(ω)δ(ω + ω
′) =
〈
∆X̂θ outi (ω)∆X̂
θ out
j (ω
′)
〉
, (3.7)
where the utuations ∆X̂θ outj are dened as ∆X̂
θ out
j = X̂
θ out
j − 〈X̂θ outj 〉, θ is a phase angle related to a phase
sensitive loal osillator measurement, and the frequeny argument denotes a Fourier transform:
X̂θ outj (ω) =
∫
dt√
2π
eiωtX̂θ outj (t) . (3.8)
We also introdue omplex quadratures and their Fourier transforms, whih are useful for omputational purposes:
X̂θ out = e−iθΦ̂out1 (t) + e
iθΦ̂†out2 (t)
X̂†θ out = e−iθΦ̂out2 (t) + e
iθΦ̂†out1 (t)
X̂θ out(ω) =
∫
dt√
2π
eiωtX̂θ out(t)
X̂†θ out(ω) =
∫
dt√
2π
eiωtX̂†θ out(t) (3.9)
The spetral quadrature operators X̂θ out(ω) are not formally hermitian, exept at ω = 0.
7C. Observable quadratures
In pratie, one is mostly interested in external spetral measurements taken over a long but nite interval, after a
steady-state is ahieved. For output measurements averaged over a long time T , it is the low frequeny part of the
spetrum that is the relevant quantity, as it usually determines the maximum squeezing or entanglement possible. For
simpliity, we will fous on the ω = 0 ase, where we an dene observable frequeny-domain quadrature operators
as:
X̂oi =
√
2π
T
X̂0 outi (0)
Ŷ oi =
√
2π
T
X̂
pi/2 out
i (0) . (3.10)
Sine δ(ω) ∼ T/2π when mapping a Fourier transform to a Fourier series, the omplex quadrature spetrum for a
nite time interval is normalized as:
V θ(0) =
〈
2π
T
〈
X̂θ out(0)X̂θ out(0)
〉〉
. (3.11)
In partiular, the most important spetra are the unsqueezed and squeezed spetra dened by:
V 0(0) =
1
4
〈[
X̂o1 + X̂
o
2
]2
+
[
Ŷ o1 − Ŷ o2
]2〉
V pi/2(0) =
1
4
〈[
Ŷ o1 + Ŷ
o
2
]2
+
[
X̂o1 − X̂o2
]2〉
. (3.12)
In other words, the omplex quadrature spetra simply orrespond to simultaneous sum and dierene measurements
on the two observed output quadratures for the signal and idler, with the preise quadratures observed adjustable via
the loal osillator phase angle θ.
The properties of external quadratures for ω 6= 0 are experimentally important sine tehnial noise normally
prohibits diret quadrature measurements at ω = 0. Nevertheless, even at ω 6= 0 the quadratures are deomposable[12℄
into pairs of mutually ommuting hermitian operators with similar properties to the intra-avity quadrature operators,
by using disrete sine and osine transforms. These results therefore hold at non-zero frequenies.
The orrelations are losely related to those proposed by EPR. We will give more details in the next setion,
explaining the relationship of this type of measurement with the EPR paradox and entanglement.
D. Stohasti mappings of operator moments
We now wish to relate these observed operator orrelations with the stohasti orrelations that are used to alulate
them via the -number equivalenes.
1. P-representation
In the P-representation normally-ordered operator averages diretly relate to stohasti moments with respet to
the positive P-funtion:
〈: X̂θj (t) X̂θj (t) :〉 = 〈Xθj (t)Xθj (t)〉P , (3.13)
where the internal stohasti variables orresponding to the quadratures are denoted:
Xθj =
(
αje
−iθ + α+j e
iθ
)
. (3.14)
Also, the positive P- spetral orrelations orrespond to the normally ordered, time-ordered operator orrelations
of the measured elds. This leads to the following well-known result for the general squeezing spetrum, as measured
in an external homodyne detetion sheme:
V θij(ω)δ(ω + ω
′) = δij + 2
√
γouti γ
out
j
〈
∆X˜θi (ω)∆X˜
θ
j (ω
′)
〉
P
. (3.15)
8This alulation only involves the internal stohasti quadrature spetral variables, dened as:
∆X˜θj (ω) =
∫
dt√
2π
eiωt
(
Xθj (t)− 〈Xθj (t)〉P
)
. (3.16)
Note that vauum (input) eld terms do not ontribute diretly to this spetrum, as they have a vanishing normally-
ordered spetrum, and are not orrelated with the oherent amplitudes in the positive P- representation.
2. Wigner representation
In the Wigner representation, on the other hand, the moments and orrelations with respet to the Wigner funtion
are diretly related to averages of symmetrially ordered operators. It beomes neessary to rewrite the normally-
ordered internal eld averages in terms of symmetrially ordered averages using equal-time ommutators. As a result
the two spetral orderings are related by:〈
: X̂θi (t) X̂
θ
j (t) :
〉
=
〈
Xθi (t)X
θ
j (t)
〉
W
− δij . (3.17)
Similarly, for the normally-ordered squeezing spetrum, as measured in an external homodyne detetion sheme,
one has:
V θij(ω)δ(ω + ω
′) =
〈
∆X˜θ outi (ω)∆X˜
θ out
j (ω
′)
〉
W
. (3.18)
Here we dene Fourier transforms of utuations as previously, exept with respet to stohasti output elds:
Xθ outj = e
−iθΦoutj (t) + e
iθΦ†outj (t) (3.19)
where:
Φoutj (t) =
√
2γoutαj − Φinj (t) . (3.20)
It is essential to inlude the vauum eld ontributions from reeted input elds, as these are orrelated with the
internal Wigner amplitudes, and hene ontribute signiantly to the spetrum. In fat, these input elds an be
shown to orrespond diretly to the noise terms in the Wigner representation stohasti equations, leading to the
identiation:
dWj
dt
=
√
2Φinj (t) , (3.21)
where Φinj (t) is a -number amplitude orresponding (in the Wigner representation) to the quantum vauum input
eld, and 〈Φinj (t)Φ∗inj (t′)〉W = δ(t− t′)/2 .
The fundamental property of the Wigner funtion is that the ensemble average of any polynomial of the random
variable α and α∗ weighted by the Wigner density exatly orresponds to the Hilbert-spae expetation of the or-
responding symmetrized produt of the annihilation and reation operators. Therefore, the trunated theory with a
positive Wigner funtion an be viewed as equivalent to a hidden variable theory, sine one an obtain quadrature
utuation preditions by following an essentially lassial presription; in whih even the noise terms have a lassial
interpretation as orresponding a form of zero-point utuations. This desription annot be equivalent to quantum
mehanis in general, but may provide results whih, under some irumstanes, turn out to be quite similar to the
quantum mehanial results.
IV. EPR-CORRELATIONS AND ENTANGLEMENT
A quantitative, experimentally testable riterion for the EPR paradox was proposed in 1989 [11℄. It is important
to understand the physial interpretation of this paradox. EPR originally assumed loal realism, and laimed that
an observation of perfetly orrelated positions and momenta would imply the inompleteness of quantum mehanis.
A modern interpretation is that one an merely dedue the inonsisteny of loal realism with quantum mehanial
ompleteness, sine loal realism in Einstein's original sense is no longer widely aepted. This is a weaker paradox
than the Bell inequality - whih rules out all loal realisti interpretations. However, the Bell inequality has not
yet been violated, due to ausality and/or measurement ineieny issues (though weaker inequalities have been
violated). The EPR paradox with quadrature variables has the advantage that the required degree of measurement
eieny is readily ahievable with photo-detetors, sine it does not require single-photon ounting.
9A. 1989 EPR riterion: Violation of an Inferred Heisenberg Unertainty Priniple
Consider two spatially separated subsystems at A and B. Observables Xˆ1 ("position") and Yˆ1 ("momentum")
are dened for subsystem A, where the two operators have a ommutator of
[
Xˆ1, Yˆ1
]
= 2, so that by Heisenberg's
unertainty priniple, ∆2Xˆ1∆
2Yˆ1 ≥ 1. Suppose that the two subsystems are partially orrelated, as may our in
a real experiment, as opposed to the ideal orrelations in the EPR gedanken-experiment. One may still predit the
result of measurement Xˆ1, based on the result of a ausally separated measurement Xˆ2 performed at B. However,
the predition is imperfet, and has an assoiated inferene error. Also, for a dierent hoie of measurement Yˆ2 at
B, suppose that one may predit the result of measurement Yˆ1 at A.
We dene
∆2infX1 =
∫
P (X2)∆(X1|X2)dX2
∆2infY1 =
∫
P (Y2)∆(Y1|Y2)dY2 (4.1)
Here X2 labels all outomes of the measurement Xˆ2 at B, and ∆(X1|X2) is the standard deviation of the onditional
distribution P (X1|X2), where X1 is the onditional result of the measurement Xˆ1 at A, given the measurement Xˆ2
at B. The probability P (X2) is the probability for a result X2 upon measurement of Xˆ2.
Next, we dene an inferene variane ∆2inf Xˆ1 as the average variane of the onditional (inferene) varianes
∆(X1|X2) for the predition (inferene) of the result X1 for Xˆ1 at A, onditional on a measurement Xˆ2 at B. We
dene ∆(Y1|Y2) similarly to represent the weighted variane assoiated with the predition (inferene) of the result
Yˆ1 at A, based on the result of the measurement at B.
The 1989 inferred H.U.P. riterion [11℄ to demonstrate EPR orrelations in the spirit of the EPR paradox is
∆infX1∆infY1 < 1. (4.2)
This EPR-style riterion (4.2) was not given in the EPR paper, but has the useful property that it represents a
quantitative inequality that an be experimentally satised, without having to onstrut an experimentally impossible
state with perfet orrelations, as in the original proposal. As an added advantage, the appliation of this inequality
to eletromagneti quadrature variables allows the use of eient photo-detetion tehniques, whih makes this a
ompletely pratial measure.
By ontrast, the violation of a Bell inequality - while having stronger onsequenes - is more diult to ahieve,
owing to poor eienies enountered in single-partile detetors and polarizers. For either type of experiment, a
ruial element is the ausal separation of detetors. Without this, arguments using ausality provide no onstraints
or inequalities at all.
1. Linear estimate riterion
It is not always onvenient to measure eah onditional distribution P (X1|X2) and P (Y1|Y2) and its assoiated mean
and variane. A simpler proedure[11℄ is to propose that upon a result X2 for the measurement at B the predited
value for the result X1 at A is given linearly by the estimate Xest = cX2 + d. The RMS error in this estimate after
optimizing for d is
∆2inf,LXˆ1 = 〈δ20〉 − 〈δ0〉2. (4.3)
where δ0 = Xˆ1 − cXˆ2. The best hoie for c minimizes ∆2inf,LXˆ and an be adjusted by experiment, or alulated as
disussed in [11℄ to be c = (〈Xˆ1, Xˆ2〉)/∆2Xˆ2 , where we dene 〈Xˆ1, Xˆ2〉 = 〈Xˆ1Xˆ2〉 − 〈Xˆ1〉〈Xˆ2〉.
Generally the linear estimate will orrespond not be the best estimate for the outome at A, based on the result at
B. Therefore generally we have ∆inf,LXˆ ≥ ∆inf Xˆ and ∆inf,LYˆ ≥ ∆inf Yˆ [11℄. The observation of
∆inf,LXˆ1∆inf,LYˆ1 < 1 (4.4)
will then also imply EPR orrelations in the spirit of the EPR paradox.
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B. An entanglement riterion based on the observation of two-mode squeezing
Entanglement may be dedued through a whole set of riteria, of whih the EPR riterion (4.2) is one[11℄. It is
possible to dedue entanglement through other riteria[14℄ without the need to prove the strong EPR orrelations.
This has signiane within quantum mehanis, but not neessarily the broader impliations of the EPR riterion.
Suh entanglement riteria, derived by Duan et.al. and Simon[14℄, are based on the proof of quantum inseparability,
where the failure of a separable density matrix
ρ =
∑
R
PRρ
1
Rρ
2
R (4.5)
(
∑
R PR = 1) is proved. Partiularly useful for our purposes is a riterion onsidered by Duan et al, suient to
demonstrate entanglement (inseparability). We dene
δXˆ = Xˆ1 − Xˆ2
δYˆ = Yˆ1 + Yˆ2 . (4.6)
Entanglement is guaranteed provided that the sum of the varianes is bounded by:
∆2δXˆ +∆2δYˆ < 4 . (4.7)
This observation of this entanglement riterion (4.7) may be identied as a two-mode squeezing riterion for
entanglement, sine the individual riterion
∆2δXˆ = 〈{Xˆ1 − 〈Xˆ1〉 − (Xˆ2 − 〈Xˆ2〉)}2〉 < 2 (4.8)
is the riterion for the observation of a type of two-mode squeezing. In this way we see that elds that are two-mode
squeezed with respet to both X1 −X2 and Y1 + Y2, eah satisfying (4.8), are neessarily entangled.
C. EPR orrelations and entanglement of the parametri system
The EPR orrelations are predited possible for the outputs of the parametri osillator. For intraavity entangle-
ment, we dene the quadrature phase amplitudes
Xˆ1 = (aˆ1 + aˆ
†
1)
Yˆ1 = (aˆ1 − aˆ†1)/i
Xˆ2 = (aˆ2 + aˆ
†
2)
Yˆ2 = (aˆ2 − aˆ†2)/i. (4.9)
and identify orrelated observables for the osillator, so that X1 is orrelated with X2 and Y1 is orrelated with −Y2.
The Heisenberg unertainty relation for the orthogonal amplitudes of mode aˆ1 is ∆
2X1∆
2Y1 ≥ 1.
As explained in the previous setion, for pratial reasons it is preferable to use the orresponding observable external
quadratures dened at or near zero frequeny, whih are X̂oi , Ŷ
o
i . However, the detailed arguments only depend on
having the ommutators dened above, together with the requirement of ausality - that is, the observations must
take plae with spae-like separations between the two detetors over the whole observation period T .
We alulate several types of EPR or entanglement measures. Firstly we evaluate the the 1989 inferred H. U. P.
EPR riterion (4.2) but using the linear estimate form, whih will allow demonstration of both entanglement and EPR
orrelations dened in the spirit of the original EPR paradox. In terms of quadrature phase amplitude measurements
this strong EPR riterion is satised when
∆2inf,LX
o∆2inf,LY
o = ∆2(Xo1 − cxXo2 )∆2(Y o1 − cyY o2 ) < 1 (4.10)
Now cx = 〈Xo1 , Xo2 〉/∆2Xo2 and cy = 〈Y o1 , Y o2 〉/∆2Y o2 will minimize[11℄ the inferene varianes. Substituting for cx
and cy, we expliitly alulate
∆2inf,LX
o = ∆2Xo1 − 〈Xo1 , Xo2 〉2/∆2Xo2 (4.11)
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and
∆2inf,LY
o = ∆2Y o1 − 〈Y o1 , Y o2 〉2/∆2Y o2 . (4.12)
For our partiular system moments suh as have 〈a1〉 = 〈a2〉 = ... are zero and we have symmetry between a1and a2
modes, so that
∆2Xo1 =
1
2
(
V + V pi/2
)
≥ 1 (4.13)
and
〈Xo1 , Xo2 〉 =
1
2
(
V 0 − V pi/2
)
. (4.14)
The linear inferene EPR riterion (4.4) is then equivalent to:
∆2inf,LX
o =
2V 0V pi/2
V 0 + V pi/2
< 1 . (4.15)
This riterion is not equivalent to (4.2) whih is based on the onditionals, sine the linear estimate may not be the
best, in whih ase it is possible that (4.2) is satised while (4.10) is not, and we do not pik up EPR and entanglement
where it exists. Nevertheless the riterion (4.15) is suient to prove EPR orrelations and entanglement.
Seondly, we alulate the Duan and Simon et. al. two-mode squeezing riteria (4.7) for entanglement. Written in
terms of quadrature phase amplitude measurements this beomes
V pi/2 =
1
4
(
∆2(Xo1 −Xo2 ) + ∆2(Y o1 + Y o2 )
)
< 1. (4.16)
This riterion was expliitly shown to be both suient and neessary for entanglement for the ase of Gaussian states
(for appropriately hosen quadratures), meaning that in this ase it would pik up any entanglement present. Our
system is not Gaussian, and while these riteria are still suient to imply entanglement, they may not be neessary.
It is always the ase that for ideal squeezing, both the linear EPR and the squeezed entanglement riteria are
satised. Where one has additional loss, however, it is possible for the squeezed-entanglement riterion (4.16) to
be satised but not the EPR riterion (4.10). Suh situations have been studied by Bowen et al[7℄. Our situation
ould be dierent again, due to the fat that the underlying quantum states undergo nonlinear utuations and are
inherently non-Gaussian.
V. BELOW-THRESHOLD INTRA-CAVITY MOMENTS
In this setion we use perturbation methods to study the nondegenerate parametri osillator beyond the linearized
regime both in the fully quantum mehanial approah using positive-P representation, and in the semi-lassial
approah based on the Wigner funtion. In the positive P ase the basi quantities investigated are orrelations
involving the internal quadrature operators, mapped into stohasti variables aording to
X0 =
(
α0 + α
+
0
)
Y0 =
1
i
(
α0 − α+0
)
X =
(
α1 + α
+
2
)
Y =
1
i
(
α1 − α+2
)
X+ =
(
α2 + α
+
1
)
Y + =
1
i
(
α2 − α+1
)
(5.1)
In the trunated Wigner (semi-lassial) ase, we have a similar set with α+i replaed by α
∗
i . To avoid exessive
notation we use the same symbols for the quadrature variables in the two ases, noting that in the semi-lassial ase,
X+ = X∗ and Y + = Y ∗.
For developing a systemati perturbation proedure, it proves onvenient to dene
γr = γ0/γ , µ = E/Ec, g = χ
γ
√
2γr
(5.2)
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and to introdue the following saled quadrature variables
x0 = g
√
2γrX0
y0 = g
√
2γrY0
x = gX
y = gY
x+ = gX+ (5.3)
y+ = gY + .
In terms of these new variables, and a saled time τ = γt, the equations for the quadratures beome
• Positive-P equations
dx0 = −γr
[
x0 − 2µ+
(
xx+ − yy+)] dτ
dy0 = −γr
[
y0 +
(
xy+ + yx+
)]
dτ
dx =
[
−x+ 1
2
(xx0 + yy0)
]
dτ +
g√
2
[√
x0 + iy0dw1 +
√
x0 − iy0dw+2
]
dy =
[
−y + 1
2
(xy0 − yx0)
]
dτ − i g√
2
[√
x0 + iy0dw1 −
√
x0 − iy0dw+2
]
dx+ =
[
−x+ + 1
2
(
x+x0 + y
+y0
)]
dτ +
g√
2
[√
x0 + iy0dw2 +
√
x0 − iy0dw+1
]
dy+ =
[
−y+ + 1
2
(
x+y0 − y+x0
)]
dτ − i g√
2
[√
x0 + iy0dw2 −
√
x0 − iy0dw+1
]
(5.4)
where: 〈dw1dw2〉 = 〈dw+1 dw+2 〉 = dτ .
• Semi-lassial equations
dx0 = −γr
[
x0 − 2µ+
(
xx+ − yy+)] dτ +√2gγr [dw0 + dw∗0 ]
dy0 = −γr
[
y0 +
(
xy+ + yx+
)]
dτ − i
√
2gγr [dw0 − dw∗0 ]
dx =
[
−x+ 1
2
(xx0 + yy0)
]
dτ + g [dw1 + dw
∗
2 ]
dy =
[
−y + 1
2
(xy0 − yx0)
]
dτ − ig [dw1 − dw∗2 ]
dx+ =
[
−x+ + 1
2
(
x+x0 + y
+y0
)]
dτ + g [dw2 + dw
∗
1 ]
dy+ =
[
−y+ + 1
2
(
x+y0 − y+x0
)]
dτ − ig [dw2 − dw∗1 ] . (5.5)
where: 〈dwidw∗j 〉 = δijdτ .
In order to solve these oupled equations systematially, we introdue a formal perturbation expansion in powers
of g
xk =
∞∑
n=0
gnx
(n)
k
yk =
∞∑
n=0
gny
(n)
k (5.6)
This expansion has the property that the zero-th order term orresponds to the large lassial eld of order 1/g in
the unsaled quadratures, while the rst order term involves the quantum utuation of order 1, and the higher order
terms orrespond to nonlinear orretions to the quantum utuations of order g and higher.
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A. Mathed power equations in Positive-P representation
Substituting (5.6) in (5.4) and equating like powers of g on both sides we obtain a hierarhy of stohasti equations.
The set of equations thus obtained, if desired, an be diagrammatially analyzed using the 'stohasti diagram'
method[34℄. The zero-th order equations are
dx
(0)
0 = −γr
[
x
(0)
0 − 2µ+
(
x(0)x+(0) − y(0)y+(0)
)]
dτ
dy
(0)
0 = −γr
[
y
(0)
0 +
(
x(0)y+(0) + y(0)x+(0)
)]
dτ
dx(0) =
[
−x(0) + 1
2
(
x(0)x
(0)
0 + y
(0)y
(0)
0
)]
dτ
dy(0) =
[
−y(0) + 1
2
(
x(0)y
(0)
0 − y(0)x(0)0
)]
dτ
dx+(0) =
[
−x+(0) + 1
2
(
x+(0)x
(0)
0 + y
+(0)y
(0)
0
)]
dτ
dy+(0) =
[
−y+(0) + 1
2
(
x+(0)y
(0)
0 − y+(0)x(0)0
)]
dτ (5.7)
These equations orrespond to the lassial nonlinear equations for the intra-avity quadratures expressed in terms
of dimensionless saled elds. Below threshold, the steady-state solution of these equations is well known and is given
by:
x
(0)
0 = 2µ (5.8)
y
(0)
0 = x
(0) = y(0) = 0
The rst order equations are
dx
(1)
0 = −γrx(1)0 dτ
dy
(1)
0 = −γry(1)0 dτ
dx(1) = − (1− µ) x(1)dτ +
√
2µdwx1
dy(1) = − (1 + µ) y(1)dτ − i
√
2µdwy1
dx+(1) = − (1− µ) x+(1)dτ +
√
2µdwx2
dy+(1) = − (1 + µ) y+(1)dτ − i
√
2µdwy2 . (5.9)
We have introdued new Wiener inrements as dwx1(y1)(τ) = (dw1(τ) ± dw+2 (τ))/
√
2 and dwx2(y2)(τ) = (dw2(τ) ±
dw+1 (τ))/
√
2, with the following orrelations
〈dwx1dwx2〉 = dτ
〈dwy1dwy2〉 = dτ . (5.10)
and all other orrelations vanishing.
The equations (5.9) are the ones that are normally used to predit squeezing. They are linear stohasti equations
with non lassial Gaussian white noise and, if higher-order orretions are ignored, yield an ideal squeezed state for
the sub-harmoni quadratures together with an ideal oherent state for the pump. Further, from the struture of
these equations, it is evident that the steady state solution for the pump eld quadratures, in this order, vanish. We
an, therefore, without loss of generality, set all odd orders of x
(n)
0 , y
(n)
0 for the pump, and all even orders of x
(n)
i ,
y
(n)
i ; i = 1, 2 for the signal and idler elds respetively equal to zero. With this in mind, the seond order equations
turn out to be
dx
(2)
0 = −γr
[
x
(2)
0 + x
(1)x+(1) − y(1)y+(1)
]
dτ
dy
(2)
0 = −γr
[
y
(2)
0 + x
(1)y+(1) + y(1)x+(1)
]
dτ . (5.11)
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Sine, in the present work, our primary interest is to alulate the rst nonlinear orretions to ideal squeezed-state
behavior, to be onsistent, we need to inlude ontributions from the third order equations as well. These equations
are as given below
dx(3) =
[
− (1− µ) x(3) + 1
2
(
x(1)x
(2)
0 + y
(1)y
(2)
0
)]
dτ +
1
2
√
2µ
[
x
(2)
0 dwx1 + iy
(2)
0 dwy1
]
dy(3) =
[
− (1 + µ) y(3) + 1
2
(
x(1)y
(2)
0 − x(2)0 y(1)
)]
dτ +
1
2
√
2µ
[
y
(2)
0 dwx1 − ix(2)0 dwy1
]
dx+(3) =
[
− (1− µ) x+(3) + 1
2
(
x+(1)x
(2)
0 + y
+(1)y
(2)
0
)]
dτ +
1
2
√
2µ
[
x
(2)
0 dwx2 + iy
(2)
0 dwy2
]
dy+(3) =
[
− (1 + µ) y+(3) + 1
2
(
x+(1)y
(2)
0 − x(2)0 y+(1)
)]
dτ +
1
2
√
2µ
[
y
(2)
0 dwx2 − ix(2)0 dwy2
]
. (5.12)
This set of equations has non-trivial noise terms as they depend on the solutions of the stohasti equations at the
seond order.
B. Operator moments in the positive P-representation
The set of stohasti equations equations together with the It rules for variable hanges[27℄ permit omputation
of the operator moments in a straightforward manner. Apart from their intrinsi interest, they are useful in heking
the orretness of somewhat more involved spetral alulations given later. The results obtained are summarized
below:
〈x(2)0 〉 =
−2µ2
1− µ2
〈y(1)y+(1)〉 = −
(
µ
1 + µ
)
〈x(1)x+(1)〉 =
(
µ
1− µ
)
〈y(1)y+(3)〉 = µ
4 (1 + µ) (1− µ2)
×
[
µγr
γr + 2
+
γr
(
2− µ+ µ2)+ 4 (1 + µ)
(1 + µ) (γr + 2 (1 + µ))
]
〈x(1)y+(1)y(2)0 〉 =
µ2
1− µ2
(
γr
γr + 2
)
(5.13)
The rst quantity above pertains to the depletion of the pump that supplies energy for the subharmoni mode. The
next two quantities are the squeezed and enhaned quadratures as given by the linearized theory, while the fourth
one is the rst orretion to the linearized theory. The last one is the steady state triple quadrature orrelation.
This quantity has been investigated earlier for its relevane in distinguishing quantum mehanis from a loal hidden
variable theory[35℄.
The results above yield the following expression for the steady state intra-avity squeezed quadrature utuations:〈
Yˆ1Yˆ
†
1
〉
ss
= 1 +
〈
: Yˆ1Yˆ
†
1 :
〉
=
1
1 + µ
+
g2µ
2 (1 + µ) (1− µ2)
[
µγr
γr + 2
+
γr
(
2− µ+ µ2)+ 4 (1 + µ)
(1 + µ) (γr + 2 (1 + µ))
]
. (5.14)
Note that the intraavity squeezing quadrature near threshold is not perfetly squeezed, having a limiting squeez-
ing/entanglement of 0.5, as shown in Fig (1).
As might be expeted, the nonlinear orretion is divergent at the threshold, and needs to be handled either by
numerial integration or a ritial-point expansion. Questions relating to optimal output entanglement and squeezing
will be treated in the next setion, using frequeny domain methods.
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FIG. 1: Graph of total squeezing/entanglement moment 〈Yˆ 21 〉 vs driving eld µ, using parameters of g
2
= 0.001, and γr = 0.5.
This demonstrates the existene of intra-avity squeezing and entanglement for µ < 1.
C. Mathed power equations in semi-lassial theory
Using the same tehnique of mathing the powers of g, we obtain the following set of equations in the semi-lassial
theory. The zero-th order equation are:
dx
(0)
0 = −γr
[
x
(0)
0 − 2µ+
(
x(0)x+(0) − y(0)y+(0)
)]
dτ
dy
(0)
0 = −γr
[
y
(0)
0 +
(
x(0)y+(0) + y(0)x+(0)
)]
dτ
dx(0) =
[
−x(0) + 1
2
(
x(0)x
(0)
0 + y
(0)y
(0)
0
)]
dτ
dy(0) =
[
−y(0) + 1
2
(
x(0)y
(0)
0 − y(0)x(0)0
)]
dτ
dx+(0) =
[
−x+(0) + 1
2
(
x+(0)x
(0)
0 + y
+(0)y
(0)
0
)]
dτ
dy+(0) =
[
−y+(0) + 1
2
(
x+(0)y
(0)
0 − y+(0)x(0)0
)]
dτ . (5.15)
As in the positive-P ase, the steady-state solution of these equations is given by:
x
(0)
0 = 2µ (5.16)
y
(0)
0 = x
(0) = y(0) = 0 .
The rst order equations are
dx
(1)
0 = −γrx(1)0 dτ + 2γrdwx0
dy
(1)
0 = −γry(1)0 dτ + 2γrdwy0
dx(1) = − (1− µ)x(1)dτ +
√
2dwx1
dy(1) = − (1 + µ) y(1)dτ +
√
2dwy1
dx+(1) = − (1− µ)x+(1)dτ +
√
2dwx2
dy+(1) = − (1 + µ) y+(1)dτ +
√
2dwy2 , (5.17)
where
〈dwx0dwx0〉 = 〈dwy0dwy0〉 = 〈dwx1dwx2〉 = 〈dwy1dwy2〉 = dτ , (5.18)
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with all other orrelations vanishing.
The equations above give the linearized theory. The rst nonlinear orretions ome from the next two sets of
equations given below.
The seond order equations are:
dx
(2)
0 = −γr
[
x
(2)
0 + x
(1)x+(1) − y(1)y+(1)
]
dτ
dy
(2)
0 = −γr
[
y
(2)
0 + x
(1)y+(1) + y(1)x+(1)
]
dτ
dx(2) =
[
− (1− µ)x(2) + 1
2
(
x(1)x
(1)
0 + y
(1)y
(1)
0
)]
dτ
dy(2) =
[
− (1 + µ) y(2) + 1
2
(
x(1)y
(1)
0 − x(1)0 y(1)
)]
dτ
dx+(2) =
[
− (1− µ)x+(2) + 1
2
(
y+(1)y
(1)
0 + x
+(1)x
(1)
0
)]
dτ
dy+(2) =
[
− (1 + µ) y+(2) + 1
2
(
x+(1)y
(1)
0 − x(1)0 y+(1)
)]
dτ . (5.19)
The third order equations are:
dx
(3)
0 = −γr
[
x
(3)
0 + x
(1)x+(2) + x(2)x+(1) − y(1)y+(2) − y(2)y+(1)
]
dτ
dy
(3)
0 = −γr
[
y
(3)
0 + x
(1)y+(2) + x(2)y+(1) + y(1)x+(2) + y(2)x+(1)
]
dτ
dx(3) =
[
− (1− µ)x(3) + 1
2
(
x(1)x
(2)
0 + x
(2)x
(1)
0 + y
(1)y
(2)
0 + y
(2)y
(1)
0
)]
dτ
dy(3) =
[
− (1 + µ) y(3) + 1
2
(
x(1)y
(2)
0 + x
(2)y
(1)
0 − y(1)x(2)0 − y(2)x(1)0
)]
dτ
dx+(3) =
[
− (1− µ)x+(3) + 1
2
(
x+(1)x
(2)
0 + x
+(2)x
(1)
0 + y
+(1)y
(2)
0 + y
+(2)y
(1)
0
)]
dτ
dy+(3) =
[
− (1 + µ) y+(3) + 1
2
(
x+(1)y
(2)
0 + x
+(2)y
(1)
0 − y+(1)x(2)0 − y+(2)x(1)0
)]
dτ . (5.20)
D. Operator moments in semi-lassial theory
In this ase, the analogues of the results in (5.13) are found to be:
〈x(2)0 〉 =
−2µ2
1− µ2
〈x(1)x+(1)〉 =
(
1
1− µ
)
〈y(1)y+(1)〉 =
(
1
1 + µ
)
〈y(2)y+(2)〉 = 1
2(1− µ)(1 + µ)
(
γr
γr + 2
)
+
1
2(1 + µ)2
(
γr
γr + 2(1 + µ)
)
〈y(1)y+(3)〉 = − µ
4(1− µ)(1 + µ)2
(
γr
γr + 2
)
+
µ
2(1− µ)(1 + µ)3 +
µ
4(1 + µ)3
[
γr
γr + 2(1 + µ)
]
〈x(1)y+(1)y(2)0 〉 + 〈x(2)y+(1)y(1)0 〉+ 〈x(1)y+(2)y(1)0 〉 =
1
1− µ2
(
γr
γr + 2
)
. (5.21)
The main dierene in these alulation, ompared with the positive-P results, appears in the nonlinear orretion
for the subharmoni squeezed quadrature. Up to seond order in g we have
〈Yˆ 21 〉 =
1
g2
[
g2〈y(1)y(1)〉+ g4〈y(2)y(2)〉+ 2g4〈y(1)y(3)〉
]
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FIG. 2: Graph of seond order nonlinear orretion to the squeezing/entanglement moment 〈Yˆ 21 〉NL vs driving eld µ, using
parameters of g2 = 0.001, and γr = 0.1, 1, 10. Upper lines have larger γr values. Solid lines are the positive-P result, whih
vanish at small driving eld. Dotted lines are the (less aurate) semi-lassial result, whih do not vanish at small driving
eld.
=
1
1 + µ
+
g2
2(1 + µ)(1− µ2)
[
γr
γr + 2
+
γr(1 + 3µ− 2µ2) + 4µ(1 + µ)
(1 + µ)[γr + 2(1 + µ)]
]
. (5.22)
The similarities and disagreement between this result and the positive-P expression for the same quantity deserve
further omments given in the onluding setion. In partiular, we note that, while the linear terms agree, the
nonlinear term are not in agreement below threshold. However, just below threshold both theories give essentially
idential nonlinear orretions. There is good agreement also in the limit γr → 0.
These omparisons are shown in Fig (2).
VI. SPECTRAL CORRELATIONS
Next, we proeed to analyze spetral orrelations whih are of diret relevane to omparison with experiments. In
partiular, we ompute the nonlinear orretions to the squeezing spetrum.
A. Positive-P representation
To perform alulations in the frequeny domain, it proves onvenient to deal diretly with the Fourier transforms
x˜ (Ω) =
∫
dτ√
2π
eiΩτx (τ)
of the hierarhy of the stohasti equations obtained earlier. The equations thus obtained ontain noise terms
ξx,y (Ω) =
∫
dτ√
2π
eiΩτ ξx,y (τ)
with the following orrelations:
〈ξa (Ω)〉 = 0 ,
〈ξa1 (Ω) ξb2 (Ω′)〉 = δabδ (Ω + Ω′) . (6.1)
In this ontext, for notational ompatness it is useful to introdue the standard notation for onvolution of two
funtions:
[A ⋆ B](Ω) =
∫
dΩ′√
2π
A(Ω′)B(Ω− Ω′) .
With this in mind, the stohasti equations obtained earlier may be rewritten in the frequeny domain as follows:
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• First order:
x˜(1) (Ω) =
√
2µ ξx1 (Ω)
(−iΩ+ 1− µ)
y˜(1) (Ω) = − i
√
2µ ξy1 (Ω)
(−iΩ+ 1 + µ)
x˜+(1) (Ω) =
√
2µ ξx2 (Ω)
(−iΩ+ 1− µ)
y˜+(1) (Ω) = − i
√
2µ ξy2 (Ω)
(−iΩ+ 1 + µ) (6.2)
• Seond order:
x˜
(2)
0 (Ω) = −
γr
[
x˜(1) ⋆ x˜+(1) − y˜(1) ⋆ y˜+(1)] (Ω)
(−iΩ+ γr)
y˜
(2)
0 (Ω) = −
γr
[
x˜(1) ⋆ y˜+(1) + x˜+(1) ⋆ y˜(1)
]
(Ω)
(−iΩ+ γr) (6.3)
• Third order:
x˜(3) (Ω) =
[
x˜
(2)
0 ⋆
(
x˜(1) + ξx1/
√
2µ
)
+ y˜
(2)
0 ⋆
(
y˜(1) + iξy1/
√
2µ
)]
(Ω)
2 (−iΩ+ 1− µ)
y˜(3) (Ω) =
[
y˜
(2)
0 ⋆
(
x˜(1) + ξx1/
√
2µ
)− x˜(2)0 ⋆ (y˜(1) + iξy1/√2µ)] (Ω)
2 (−iΩ+ 1 + µ)
x˜+(3) (Ω) =
[
x˜
(2)
0 ⋆
(
x˜+(1) + ξx2/
√
2µ
)
+ y˜
(2)
0 ⋆
(
y˜+(1) + iξy2/
√
2µ
)]
(Ω)
2 (−iΩ+ 1− µ)
y˜+(3) (Ω) =
[
y˜
(2)
0 ⋆
(
x˜+(1) + ξx2/
√
2µ
)− x˜(2)0 ⋆ (y˜+(1) + iξy2/√2µ)] (Ω)
2 (−iΩ+ 1 + µ) (6.4)
B. Squeezing orrelation spetrum
We now alulate the spetrum of the squeezed eld, whih is given by 〈y˜ (Ω1) y˜+ (Ω2)〉.
〈
y˜ (Ω1) y˜
+ (Ω2)
〉
= g2
〈
y˜(1) (Ω1) y˜
+(1) (Ω2)
〉
+
+g4
[〈
y˜(1) (Ω1) y˜
+(3) (Ω2)
〉
+
〈
y˜(3) (Ω1) y˜
+(1) (Ω2)
〉]
+ · · · (6.5)
The lowest order ontribution is the usual result of the linearized theory and given is given by:〈
y˜(1) (Ω1) y˜
+(1) (Ω2)
〉
= − 2µδ (Ω1 +Ω2)[
Ω21 + (1 + µ)
2
] . (6.6)
In terms of the squeezing variane, this means that:
V (1)pi/2(Ω) = 1− 4µ
Ω2 + (1 + µ)2
(6.7)
For omparison, note that the omplementary (unsqueezed) spetrum to this order is:〈
x˜(1) (Ω1) x˜
+(1) (Ω2)
〉
=
2µδ (Ω1 +Ω2)[
Ω21 + (1− µ)2
] .
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Taking the next order orretions into aount we nd that the spetrum of the squeezed quadrature is given by〈
y˜ (Ω1) y˜
+ (Ω2)
〉
= g2δ(Ω1 +Ω2)S(Ω1) , (6.9)
where S(Ω) is given by:
S(Ω) =
−2µ
Ω2 + (1 + µ)2
+
2g2µ2γr
[Ω2 + (1 + µ)2]2
×
×
[(
Ω2 + 1− µ2)
µγr(1− µ2) +
(1− µ+ γr)(1 + µ)− Ω2
(1− µ)[Ω2 + (1 − µ+ γr)2] −
− (1 + µ+ γr)(1 + µ)− Ω
2
(1 + µ)[Ω2 + (1 + µ+ γr)2]
]
. (6.10)
The orretness of the above expression an be heked by verifying the following equality:〈
y(1) (τ) y+(3) (τ)
〉
ss
=
∫
dΩ1√
2π
∫
dΩ2√
2π
ei(Ω1+Ω2)τ
〈
y˜(1) (Ω1) y˜
+(3) (Ω2)
〉
. (6.11)
The orresponding external squeezing spetrum is then:
V pi/2(Ω) = 1− 4µ
Ω2 + (1 + µ)2
+
4g2µ2γr
[Ω2 + (1 + µ)2]2
×
[
(Ω2 + 1− µ2)
µγr(1− µ2) +
(1− µ+ γr)(1 + µ)− Ω2
(1 − µ)[Ω2 + (1− µ+ γr)2]
− (1 + µ+ γr)(1 + µ)− Ω
2
(1 + µ)[Ω2 + (1 + µ+ γr)2]
]
. (6.12)
This equation gives the omplete squeezing spetrum, inluding all nonlinear orretion to order g2 or 1/N . The
linear part gives perfet squeezing for µ = 1, and Ω = 0, as expeted from the linear theory. The nonlinear terms give
orretions to perfet squeezing below threshold. At zero frequeny, we nd that:
V pi/2(0) = 1− 4µ
(1 + µ)2
+
+
4g2µ
(1 + µ)4
[
1 +
2µ2γr(2 + γr)
(1− µ)((1 + γr)2 − µ2)
]
(6.13)
The resulting behavior for the optimum entanglement, whih is found at zero-frequeny (ignoring ompliations
from tehnial noise), is shown in Fig (3). We see that, as expeted, the entanglement is not optimized at the ritial
point, sine the nonlinear ritial utuations spoil this before an ideal entangled two-mode squeezed state with
V pi/2 = 0 is ahieved. Better entanglement is obtained when γr is redued, as this minimizes the `information leakage'
in the losses of the pump mode. In this limit, the only losses are through the signal and idler output ports, whih are
needed in order to have extra-avity measurements.
This expression does not desribe the spetrum very lose to the ritial point, as it diverges at the threshold. This
region requires a dierent kind of saling and is disussed later.
The omplementary or unsqueezed spetrum, for measurements of the maximum quadrature utuations, is given
by:
V 0(Ω) = 1 +
4µ
Ω2 + (1 − µ)2 −
4g2µ2γr
[Ω2 + (1 − µ)2]2
×
[
(Ω2 + 1− µ2)
µγr(1 − µ2) +
(1− µ+ γr)(1 − µ)− Ω2
(1− µ)[Ω2 + (1 − µ+ γr)2]
− (1 + µ+ γr)(1− µ)− Ω
2
(1 + µ)[Ω2 + (1 + µ+ γr)2]
]
. (6.14)
The resulting behavior for the zero-frequeny ritial utuations is shown in Fig (4). Near the ritial point, higher
order terms are likely to beome signiant. The eets of these are treated in the next setion.
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FIG. 3: Optimum squeezing with g2 = 0.001, γr = 10
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FIG. 4: Complementary (unsqueezed) spetrum with g2 = 0.001, γr = 10
−3, 10−2, 10−1, 1, 10 . Lower lines have larger values
of γr.
We note here that in the linearized analysis, the produt of these spetra orresponds to the Heisenberg unertainty
prinipal:
V 0(Ω)V pi/2(Ω) =
[
1− 4µ
Ω2 + (1 + µ)2
] [
1 +
4µ
Ω2 + (1− µ)2
]
= 1 .
Near threshold where nonlinear eets are dominant, this relationship no longer holds. The zero-frequeny nonlinear
unertainty produt is shown in Fig (5). Just below the ritial point, the nonlinear orretions apparently predit an
unertainty produt less than unity, whih is learly the point at whih the seond-order perturbation method breaks
down. An unexpeted feature of these results is that for γr ≪ 1 , the unertainty produt remains lose to unity for all
driving elds, indiating that there is a near minimum unertainty state for low-frequeny spetral measurements in
the output elds. This does not mean that there is a minimum unertainty state for the internal quadrature moments,
sine these are eetively integrated over all frequenies, and involve dierent quantum elds.
We also investigate the behavior of the inferred Heisenberg unertainty produt, whih demonstrates that there
is an EPR paradox. In the original proposal, this unertainty produt would be zero, as the original EPR paradox
involved perfet orrelations. Instead, the minimum value of this produt is determined by the nonlinear ritial
utuations. Due to symmetry, we only need plot the behavior of ∆2inf,LX
o
in Fig (6).
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FIG. 5: Heisenberg un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ertainty with g2 = 0.001, γr = 10
−3, 10−2, 10−1, 1, 10 . Upper lines have larger values of γr.
When ∆
2
inf,LX
o < 1, one may infer an EPR paradox.
This shows qualitatively similar behavior to the entanglement measure based on squeezing, and in fat for strong
entanglement the inferred unertainty and squeezing measures are simply related by
∆2inf,LX
o = 2V pi/2 .
We see that near threshold, the EPR measure and squeezing entanglement measure both show the existene of a
strongly entangled output beam, as one might expet - but the perturbation theory breaks down past the point where
optimum entanglement is ahieved, just below threshold.
C. Triple Spetral Correlations
Triple spetral orrelations give quantum eets whih distinguish very strongly[35℄ between the full quantum theory
and the semi-lassial approximation.
Here, we alulate the internal quadrature triple spetral orrelation 〈x˜ (Ω1) y˜+ (Ω2) y˜0 (Ω3)〉. To the lowest non-
vanishing order this is given by〈
x˜ (Ω1) y˜
+ (Ω2) y˜0 (Ω3)
〉
= g4
〈
x˜(1) (Ω1) y˜
+(1) (Ω2) y˜
(2)
0 (Ω3)
〉
. (6.15)
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Substituting for y˜
(2)
0 , we have〈
x˜(1) (Ω1) y˜
+(1) (Ω2) y˜
(2)
0 (Ω3)
〉
= −γr
〈
x˜(1) (Ω1) y˜
+(1) (Ω2) [x˜
(1) ⋆ y˜+(1) + x˜+(1) ⋆ y˜(1)](Ω3)
〉
(−iΩ3 + γr) . (6.16)
and using the Gaussian nature of the stohasti variables involved to fatorize the fourth order orrelations we
obtain: 〈
x˜(1) (Ω1) y˜
+(1) (Ω2) y˜
(2)
0 (Ω3)
〉
=
4µ2γr/
√
2π δ (Ω1 +Ω2 +Ω3)
(−iΩ3 + γr)
[
Ω21 + (1− µ)2
] [
Ω22 + (1 + µ)
2
] . (6.17)
To hek this result, we evaluate the steady state moment
〈
x(1) (τ) y+(1) (τ) y
(2)
0 (τ)
〉
ss
using
〈
x(1) (τ) y+(1) (τ) y
(2)
0 (τ)
〉
ss
=
∫
dΩ1√
2π
∫
dΩ2√
2π
∫
dΩ3√
2π
ei(Ω1+Ω2+Ω3)τ × (6.18)
×
〈
x˜(1) (Ω1) y˜
+(1) (Ω2) y˜
(2)
0 (Ω3)
〉
. (6.19)
and nd that we obtain the same result as given earlier by diret alulations.
This result will be ompared later with the orresponding result obtained in the semi-lassial theory .
D. Comparisons with simulations
In order to verify the auray of these analyti alulations, we performed extensive numerial simulations of
the full nonlinear stohasti simulations, using a dierening tehnique as in earlier studies. We only alulate the
nonlinear squeezing variane, dened as:
V (Ω) = V pi/2(Ω)− V (1)pi/2(Ω) . (6.20)
This allows us to fous on the nonlinear orretions, whih are relatively small exept very near the ritial threshold
at µ = 1. The numerial method has the advantage that, unlike perturbation theory, it is valid at all driving elds -
even at the ritial point.
The integration parameters used were step size dτ = 0.001, with a time-window of τmax = 10000. The number of
stohasti trajetories used for averaging were 2000, resulting in typial relative sampling errors of around ±2%, as
an be seen from the bakground sampling noise in some of the resulting spetra.
Typial results are shown in Figs (7-8) below, for driving elds of µ = 0.5, 0.9. Note that these graphs only inlude
the nonlinear orretions. Exellent agreement is found with the analytially predited results for these values of
driving eld.
Figure (9) shows results slightly loser to threshold, at µ = 0.93, whih is the optimum driving eld for the
parameters hosen.
At this point, a maximum error of around 10−4 is found, due to higher order nonlinear orretions. This indiates
that the analyti perturbation theory is able to orretly predit nonlinear eets up to the optimum squeezing point,
but starts to diverge beyond this point. The numerial results, however, are stable throughout the ritial region. To
obtain analyti preditions in the ritial region, we turn to a dierent asymptoti expansion in a later setion.
VII. SEMI-CLASSICAL SPECTRAL THEORY
In this setion we alulate approximate nonlinear results using a semi-lassial approah. These are less reliable,
espeially well below threshold, but have an intuitive `lassial' interpretation in terms of the inoming vauum
utuations.
A. Wigner Representation
In the semi-lassial theory, the hierarhy of the stohasti equations given earlier an be written, in the frequeny
domain, as follows:
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FIG. 7: Nonlinear squeezing spetrum with g2 = 0.005, γr = 1 and µ = 0.5. The dashed line represents the analytial result
and the noisy line the stohasti simulation.
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FIG. 8: Nonlinear squeezing spetrum with g2 = 0.001, γr = 0.5 and µ = 0.9. The dashed line represents the analytial result
and the noisy line the stohasti simulation.
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FIG. 9: Nonlinear squeezing spetrum with g2 = 0.001, γr = 0.01 and µ = 0.93. The dashed line represents the analytial
result and the noisy line the stohasti simulation. This is the driving eld for optimum entanglement at zero frequeny.
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• First order
x˜
(1)
0 (Ω) =
2γrξx0(Ω)
(−iΩ+ γr)
y˜
(1)
0 (Ω) =
2γrξy0(Ω)
(−iΩ+ γr)
x˜(1)(Ω) =
√
2ξx1(Ω)
(−iΩ+ 1− µ)
y˜(1)(Ω) =
√
2ξy1(Ω)
(−iΩ+ 1 + µ)
x˜+(1)(Ω) =
√
2ξx2(Ω)
(−iΩ+ 1− µ)
y˜+(1)(Ω) =
√
2ξy2(Ω)
(−iΩ+ 1 + µ) (7.1)
• Seond order
x˜
(2)
0 (Ω) = −
γr
[
x˜(1) ⋆ x˜+(1) − y˜(1) ⋆ y˜+(1)] (Ω)
(−iΩ+ γr)
y˜
(2)
0 (Ω) = −
γr
[
x˜(1) ⋆ y˜+(1) + x˜+(1) ⋆ y˜(1)
]
(Ω)
(−iΩ+ γr)
x˜(2)(Ω) =
[
x˜(1) ⋆ x˜
(1)
0 + y˜
(1) ⋆ y˜
(1)
0
]
(Ω)
2 (−iΩ+ 1− µ)
y˜(2)(Ω) =
[
x˜(1) ⋆ y˜
(1)
0 − y˜(1) ⋆ x˜(1)0
]
(Ω)
2 (−iΩ+ 1 + µ)
x˜+(2)(Ω) =
[
x˜+(1) ⋆ x˜
(1)
0 + y˜
+(1) ⋆ y˜
(1)
0
]
(Ω)
2 (−iΩ+ 1− µ)
y˜+(2)(Ω) =
[
x˜+(1) ⋆ y˜
(1)
0 − y˜+(1) ⋆ x˜(1)0
]
(Ω)
2 (−iΩ+ 1 + µ) (7.2)
• Third order (signal and idler elds)
x˜(3)(Ω) =
[
x˜(1) ⋆ x˜
(2)
0 + x˜
(2) ⋆ x˜
(1)
0 + y˜
(1) ⋆ y˜
(2)
0 + y˜
(2) ⋆ y˜
(1)
0
]
(Ω)
2 [−iΩ+ 1− µ]
y˜(3)(Ω) =
[
x˜(1) ⋆ y˜
(2)
0 + x˜
(2) ⋆ y˜
(1)
0 − y˜(2) ⋆ x˜(1)0 − y˜(1) ⋆ x˜(2)0
]
(Ω)
2 [−iΩ+ 1 + µ]
x˜+(3)(Ω) =
[
x˜+(1) ⋆ x˜
(2)
0 + x˜
+(2) ⋆ x˜
(1)
0 + y˜
+(1) ⋆ y˜
(2)
0 + y˜
+(2) ⋆ y˜
(1)
0
]
(Ω)
2 [−iΩ+ 1− µ]
y˜+(3)(Ω) =
[
x˜+(1) ⋆ y˜
(2)
0 + x˜
+(2) ⋆ y˜
(1)
0 − y˜+(2) ⋆ x˜(1)0 − y˜+(1) ⋆ x˜(2)0
]
(Ω)
2 [−iΩ+ 1 + µ] (7.3)
B. Squeezing Correlation spetrum
The spetrum of the squeezed quadrature, for instane, is given by
〈y˜(Ω1)y˜+(Ω2)〉 = g2〈y˜(1)(Ω1)y˜+(1)(Ω2)〉+ g4
{
〈y˜(2)(Ω1)y˜+(2)(Ω2)〉
+ 〈y˜(1)(Ω1)y˜+(3)(Ω2)〉+ 〈y˜(3)(Ω1)y˜+(1)(Ω2)〉
}
+ · · · (7.4)
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The lowest order ontribution turns out to be
〈y˜(1)(Ω1)y˜+(1)(Ω2)〉 = 2δ(Ω1 +Ω2)
Ω21 + (1 + µ)
2
, (7.5)
Similarly, for the amplied quadrature, to the lowest order, we have
〈x˜(1)(Ω1)x˜+(1)(Ω2)〉 = 2δ(Ω1 +Ω2)
Ω21 + (1− µ)2
, (7.6)
For the pump quadratures, there is no squeezing, to the lowest order:
〈x˜(1)0 (Ω1)x˜(1)0 (Ω2)〉 = 〈y˜(1)0 (Ω1)y˜(1)0 (Ω2)〉 =
4γ2r δ(Ω1 +Ω2)
Ω21 + γ
2
r
. (7.7)
The next ontribution to the squeezed quadrature are
〈y˜(2)(Ω1)y˜+(2)(Ω2)〉 = γrδ(Ω1 +Ω2)
Ω21 + (1 + µ)
2
{
1− µ+ γr
(1− µ) [Ω21 + (1− µ+ γr)2]
+
1 + µ+ γr
(1 + µ) [Ω21 + (1 + µ+ γr)
2]
}
, (7.8)
and
〈y˜(1)(Ω1)y˜+(3)(Ω2)〉+ 〈y˜(3)(Ω1)y˜+(1)(Ω2)〉 = 2µγrδ(Ω1 +Ω2)
[Ω21 + (1 + µ)
2]
2 ×{
− (1 + µ)(1− µ+ γr)− Ω
2
1
(1− µ) [Ω21 + (1− µ+ γr)2]
+
(1 + µ)(1 + µ+ γr)− Ω21
(1 + µ) [Ω21 + (1 + µ+ γr)
2]
+
2(1 + µ)
γr(1− µ2)
}
, (7.9)
whih yield, for the S(Ω)
S(Ω) =
2
Ω2 + (1 + µ)2
+
g2γr
[Ω2 + (1 + µ)2]
2
{
4µ(1 + µ)
γr(1 − µ2)+
+
(1− µ+ γr)Ω2 +
[
(1 + µ)2 + 2µ(1 + µ)
]
(1 + µ+ γr)
(1 + µ) [Ω2 + (1 + µ+ γr)2]
+
(1 + µ+ γr)Ω
2 + (1− µ2)(1 − µ+ γr)
(1− µ) [Ω2 + (1− µ+ γr)2]
}
. (7.10)
This, in turn, gives the following expression for the external squeezing spetrum, obtained by inluding both internal
elds and the orrelated reeted vauum noise :
V pi/2(Ω) = 1− 4µ
Ω2 + (1 + µ)2
+
2g2γr
[Ω2 + (1 + µ)2]2
{
2µ(1 + Ω2 − µ2)
γr(1− µ2)
+
[
(1− µ)(1 − µ+ γr)− 2µ2
]
Ω2 + (1− µ+ γr)
(
1 + µ+ µ2 + µ3
)
(1− µ) [Ω2 + (1− µ+ γr)2]
+
[
(1 + µ)(1 + µ+ γr) + 2µ
2
]
Ω2 + (1 + µ+ γr)
(
1 + 3µ+ µ2 − µ3)
(1 + µ) [Ω2 + (1 + µ+ γr)2]
. (7.11)
It is interesting to note that this spetrum is quite dierent from that given by positive P-representation when
µ → 0. However near the threshold, that is in the limit µ → 1, the two results show lose agreement. This means
that even when the pump is o, the semi-lassial theory gives a distorted vauum spetrum due to the presene of
the nonlinear rystal. This happens beause in this theory the vauum utuations are taken as real, and then two
vauum modes an interat inside the rystal as real elds. In the limit of γr → 0, the two spetra again beome
ompatible, as the semi-lassial theory deouples the fundamental mode from its vauum input in this limit. In the
ase of threshold utuations, we an interpret the agreement as due to the fat that in this region large numbers of
photon numbers involved - whih means that the trunation approximation used in the semi-lassial approximation
is fairly reliable.
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C. Triple spetral orrelation
For the triple spetral orrelation funtion
〈x˜(Ω1)y˜+(Ω2)y˜0(Ω3)〉 = g3〈x˜(1)(Ω1)y˜+(1)(Ω2)y˜(1)0 (Ω3)〉+ g4
{
〈x˜(1)(Ω1)y˜+(1)(Ω2)y˜(2)0 (Ω3)〉
+〈x˜(2)(Ω1)y˜+(1)(Ω2)y˜(1)0 (Ω3)〉+ 〈x˜(1)(Ω1)y˜+(2)(Ω2)y˜(1)0 (Ω3)〉
}
. (7.12)
the term proportional to g3 vanishes, and the result, to the lowest non-trivial order is found to be
〈x˜(Ω1)y˜+(Ω2)y˜0(Ω3)〉 = g4 4γrδ(Ω1 +Ω2 +Ω3)√
2π
×
×
{
− 1
(−iΩ3 + γr)[Ω21 + (1− µ)2][Ω22 + (1 + µ)2]
+
+
γr
(−iΩ1 + 1− µ)[Ω22 + (1 + µ)2][Ω23 + γ2r ]
+
+
γr
(−iΩ2 + 1 + µ)[Ω21 + (1− µ)2][Ω23 + γ2r ]
}
. (7.13)
As before, the essential dierene between quantum and semi-lassial theories is that the former gives a zero
spetrum in the absene of a driving eld while the latter, due to the real harater of the vauum eld, gives a non
zero orrelation.
VIII. CRITICAL PERTURBATION THEORY
As we have seen, the perturbative orretions diverge at the ritial point (µ = 1) and a new approah is alled for
to investigate the neighborhood of the threshold. To this end we dene new saled quadratures variables, and use a
dierent expansion [36℄ valid around the ritial region. The new pump mode variable x0 now orresponds to the real
saled depletion in the pump mode amplitude, relative to the undepleted value at the ritial point. The signal-idler
quadrature variables x , x+ now desribe the ritial utuations saled to be of order 1 at the threshold.
A. Positive-P Representation
We sale the quadratures as
x0 =
1
g
[
χX0
γ
− 2
]
, y0 =
√
2γr
g
Y0
x =
√
gX , y = Y
x+ =
√
gX+ , y+ = Y + (8.1)
and dene also a new saled time and driving eld
η =
2
g
( E
Ec − 1
)
τ = γgt (8.2)
In terms of these variables, the equations in positive-P beome
gdx0 = −γr
[
x0 − 2η + xx+ − gyy+
]
dτ
gdy0 = −γr
[
y0 + xy
+ + yx+
]
dτ
dx =
1
2
(x0x+ gy0y) dτ + dwx1(τ)
gdy =
[
−2y + g
2
(xy0 − yx0)
]
dτ + dwy1(τ)
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dx+ =
1
2
(
x0x
+ + gy0y
+
)
dτ + dwx2(τ)
gdy+ =
[
−2y+ + g
2
(
x+y0 − y+x0
)]
dτ + dwy2(τ) (8.3)
The Gaussian white noise soures in these equations are no longer unorrelated and have the follow the properties
〈dwx1dwx2〉 = 2
(
1 +
g
2
x0
)
dτ
〈dwy1dwy2〉 = −2g
(
1 +
g
2
x0
)
dτ
〈dwx1dwy2〉 = 〈dwx2dwy1〉 = g2y0dτ (8.4)
We now develop a perturbation theory valid near the threshold. The rst set of equations is obtained by negleting
all terms of order g or greater on the right sides of the two sets of equations given above
gdx
(0)
0 = −γr
[
x
(0)
0 − 2η + x(0)x+(0)
]
dτ
gdy
(0)
0 = −γr
[
y
(0)
0 + x
(0)y+(0) + y(0)x+(0)
]
dτ
dx(0) =
1
2
[
x(0)x
(0)
0
]
dτ + dw
(0)
x1
gdy(0) = −2y(0)dτ + dw(0)y1
dx+(0) =
1
2
[
x+(0)x
(0)
0
]
dτ + dw
(0)
x2
gdy+(0) = −2y+(0)dτ + dw(0)y2 (8.5)
A signiant feature of these equations is that the quadratures y(0), and y+(0), an be worked out without referene
to any of other variables, and they give zero noise in the external quadrature at zero frequeny. Coupling between
variables appears in high orders expansion and generates the ritial utuations in the squeezed quadrature.
We now onsider what happens at or near the lassial threshold η = 0. In a model where the sub-harmoni
generation does not ause the pump mode to deplete, we would have x
(0)
0 = 2η, and at threshold the ritial utuations
in x and x+ would diuse outward without any bound. When depletion is inluded, the ritial utuations in these
quadratures are nite, but very slowly varying ompared to those in the other variables. The pump eld an therefore
be adiabatially eliminated to rst order in the expansion.
Near threshold (gη ≪ 1) the deay term in the un-squeezed quadrature x and x+ is roughly −x0, whih is of order
1. The pump mode will be depleted, so x0 must be negative in order for this to be stable. The saled pump eld deay
is γr/g, and the squeezed quadrature deay is of order 1/g. If γr is muh larger than g, it is possible to adiabatially
eliminate both the pump amplitude and the squeezed quadrature in the equations for the large ritial utuations
x and x+. Sine we are taking the limit of small g, we shall assume that this is possible to zero-th order in the
asymptoti expansion. In the adiabati elimination, we must solve for the steady state values of the pump x0, given
an instantaneous rst order ritial utuation x and x+. To leading (zeroth) order this gives
x
(0)
0 = 2η − x(0)x+(0) (8.6)
Substituting in the equations for x and x+, we nd that
dx(0) =
[
ηx(0) − 1
2
(
x(0)
)2
x+(0)
]
dτ + dw
(0)
x1
dx+(0) =
[
ηx+(0) − 1
2
(
x+(0)
)2
x(0)
]
dτ + dw
(0)
x2 (8.7)
After the following hange of variables
x+ =
x(0) + x+(0)
2
x− = i
x(0) − x+(0)
2
(8.8)
the equations (8.7) an be put in the form
x˙ = −ηx− 1
2
x (x · x) + ξ(t) (8.9)
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where x is a two omponent vetor whose elements are x+ and x−.
It is possible to write the Fokker-Plank equation for the probability density P (x+, x−, t), and look for the equilib-
rium distribution is of the form P (x) = Nexp[−U(x)], where U(x) is a potential funtion given by
U(x) = ηx · x+ 1
4
(x · x)2 (8.10)
The variane of the ritial utuations at the ritial point, η = 0, is given by
〈x(0)x+(0)〉 = 2 Γ(1)
Γ(1/2)
= 1.1284 (8.11)
B. Critial Squeezing in positive-P Representation
We an now nd the steady state variane of the squeezed quadrature at threshold. Beause the utuations in the
squeezed quadrature are very small, we must work to higher order in the asymptoti expansion to obtain a non trivial
result. To ahieve this, it is most useful to introdue equations in the higher order moments yy+ and z = x+y+ xy+.
The orresponding stohasti equations are derived using It rules for the variable hanges, so that
gd(yy+) = −2
[
1 + 2yy+ +
g
2
(
x0 + x0yy
+ − 1
2
y0z
)]
dτ + ydwy2 + y
+dwy1
gdz =
[
−2z + g
2
y0
(
2xx+ + 2gyy+ + 4g
)]
dτ + xdwy2 + x
+dwy1 + gydwx2 + gy
+dwx1 (8.12)
Taking the expetation value at the steady-state 〈d(yy+)〉 = 0, we get the rst order orretion
〈yy+〉(1) = −g
4
〈(1 + yy+)x0 − 1
2
y0z〉(0) (8.13)
The rst term in the above expression gives the result
〈(1 + yy+)x0〉(0) = 1
2
〈x0〉(0) = η − 1
2
〈x(0)x+(0)〉 (8.14)
For the seond term we must write the orrelation from the following equation
gd(y0z) = −
[
(2 + γr)y0z + γrz
2
]
dτ + 0(g) + noise (8.15)
and then we get
〈y0z〉(0) = − γr
2 + γr
〈z2〉(0) = − γr
2 + γr
〈(x+y + xy+)2〉(0) = γr
2 + γr
〈x(0)x+(0)〉 (8.16)
So, nally we get, to rst order,
〈yy+〉 = 1
2
− g
4
(
η − 1
2
〈x(0)x+(0)〉
)
+
g
8
(
γr
2 + γr
)
〈x(0)x+(0)〉
=
1
2
− gη
4
+
g
8
(
2 + 2γr
2 + γr
)
〈x(0)x+(0)〉 (8.17)
This result shows that the best squeezing, in the overall moment, for the intra-avity ombined mode quadrature
ours just above threshold, in muh the same way as in the degenerate OPO [21℄.
C. Wigner Representation
As in the positive-P equations, we dene new saled quadratures variables to avoid divergenes at the ritial point
x0 =
1
g
[
χX0
γ
− 2
]
, y0 =
√
2γrY0
x =
√
gX , y = Y
x+ =
√
gX+ , y+ = Y + (8.18)
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In these new variables, the stohasti equations in the Wigner representation are )
gdx0 = −γr
[
x0 − 2η + xx+ − gyy+
]
dτ + dwx0(τ)
gdy0 = −γr
[
y0 +
√
g
(
xy+ + yx+
)]
dτ + dwy0(τ)
dx =
1
2
(x0x+
√
gy0y)dτ + dwx1(τ)
gdy =
[
−2y + 1
2
(
√
gxy0 − gyx0)
]
dτ + dwy1(τ)
dx+ =
1
2
(
x0x
+ +
√
gy0y
+
)
dτ + dwx2(τ)
gdy+ =
[
−2y+ + 1
2
(√
gx+y0 − gy+x0
)]
dτ + dwy2(τ) (8.19)
Here we use the same notation for saled time and driving eld as in the positive-P ase. The noise orrelation are
given by
〈dwx0dwy0〉 = 4γ2rgdτ
〈dwx1dwx2〉 = 2dτ
〈dwy1dwy2〉 = 2gdτ (8.20)
To develop a perturbation sheme, we dene the zero order approximation to be the one in whih terms of order
and greater than
√
g are negleted in the set of equations above
gdx
(0)
0 = −γr
[
x
(0)
0 − 2η + x(0)x+(0)
]
dτ + dw
(0)
x0
gdy
(0)
0 = −γr
[
y
(0)
0 + x
(0)y+(0) + y(0)x+(0)
]
dτ + dw
(0)
y0
dx(0) =
1
2
[
x(0)x
(0)
0
]
dτ + dw
(0)
x1
gdy(0) = −2y(0)dτ + dw(0)y1
dx+(0) =
1
2
[
x+(0)x
(0)
0
]
dτ + dw
(0)
x2
gdy+(0) = −2y+(0)dτ + dw(0)y2 (8.21)
It is worth noting that this set of equations, though having the same struture as that in the positive-P ase, has
dierenes in the orrelations of the noise terms. On adiabati elimination of the pump and substituting this result
into x0 and x+0 we nd the same equations as in the positive-P representation, sine to zero-th order the orrelation
noise in both theories is idential.
D. Critial squeezing in Wigner representation
Now we proeed to alulate 〈yy+〉 at threshold using the Wigner representation. Using the It rules we get
gd(yy+) = 2− 4yy+ +
√
g
2
y0z − g
2
2yy+x0 + dwy1 + dwy2 (8.22)
where we have dened z = yx+ + y+x, whih obey the following equation
gdz = −2z +√gy0xx+ + g√gy0yy+ + x+dwy1 + gydwx2 + xdwy2 + gy+dwx1 (8.23)
The squeezing variane at threshold in the steady state is obtained from the above equation taking expetation
values
〈yy+〉 = 1
2
+
√
g
8
〈y0z〉 − g
4
〈x0yy+〉 (8.24)
The last term of the above equation an be written as
g
4
〈x(0)0 〉〈yy+〉(0) =
gη
4
− g
8
〈x(0)x+(0)〉 (8.25)
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and the equation (55) gives the result
〈y0z〉(0) = −√g γr〈z
2〉(0)
2 + γr
+
√
g
〈y20〉(0)〈x(0)x+(0)〉
2 + γr
(8.26)
Using the results derived from the zero order equations
〈y20〉(0) = 2γr
〈z2〉(0) = 2〈x(0)x+(0)〉〈y(0)y+(0)〉 (8.27)
we nally get
〈yy+〉 = 1
2
− gη
4
+
g
8
(
2 + 2γr
2 + γr
)
〈x(0)x+(0)〉 (8.28)
This result is exatly the same as obtained in positive P-representation. We an infer that dropping third order
terms in the Wigner phase spae equation does not have any diret onsequene for the near threshold analysis of
entanglement to this order of approximation. This is to be ontrasted with the situation far below threshold, where
there are large dierenes in the nonlinear ontributions, indiating a failure of the trunated (hidden-variable) Wigner
theory.
The hange in behavior has a simple mathematial origin. Far below threshold, the signal/idler photon numbers are
small, whih leads to a failure of the trunation approximation when using the semi-lassial method. At the ritial
point, photon numbers in all modes are relatively large, so the trunation approximation has less severe onsequenes.
IX. CONCLUSIONS
We have alulated the eets of nonlinear quantum utuations in a nondegenerate parametri osillator, both
below and at the lassial threshold, using stohasti equations that follow from the positive P-representation. The
analytial results thus obtained are ompared with exat numerial simulations. The spetral entanglement and
squeezing in the output elds is maximized just below threshold. This may be useful, for example, in ryptographi
appliations[37℄. We nd that at the ritial point (µ = 1), the saling behavior is quite dierent to the behavior
below threshold, and must be alulated by using an asymptoti perturbation theory, valid at the threshold itself. The
total intra-avity squeezing and entanglement moment is atually minimized at a driving eld just above threshold.
This behavior was onrmed in our simulations. This apparent paradox an be attributed to the fat that the ritial
utuations mostly tend to broaden the squeezing spetrum, whih has a strong eet at zero-frequeny but does not
diminish the total squeezing moment, integrated over all frequenies.
A similar analysis was arried out within the framework of the semi-lassial theory arising from a trunation to a
Fokker-Plank form of the evolution equation in the Wigner representation. Here, we found that well below threshold,
while the linear terms agreed with full quantum alulation, the nonlinear orretions tend to disagree, espeially for
low sub-harmoni losses. However, at the ritial point, the situation hanges. Here, where the dominant terms are
nonlinear, we nd exellent agreement between the two methods. While quantum utuations are indeed large at
the ritial point, it appears that an equally aeptable interpretation of the observed noise harateristis near the
ritial point exists via a semi-lassial model, whih is essentially a kind of hidden-variable theory.
Our main result is that entanglement, EPR orrelations and squeezing are optimized very near threshold. At the
same time, the semi-lassial Wigner approximation an give an exellent desription of the squeezing and entangle-
ment utuations near threshold. On the other hand, some highly nonlassial signatures of quantum orrelations
our in the higher-order orrelations, whih are not desribed by the semi-lassial approah. Surprisingly, these
nonlassial and non-Gaussian signatures only our well below threshold, where one might have expeted the usual
linearized analysis to be appliable.
This suggests that experimental tests of the present theory may be arried out either near threshold - where the
largest eets will be observed in the enhaned ritial utuations of the unsqueezed quadrature - or well below
threshold, where nonlassial triple orrelations are predited.
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